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Abstrat
As several large sale interferometers are beginning to take data at sensitivities where
astrophysial soures are predited, the diret detetion of gravitational waves may well be
imminent. This would open the gravitational-wave window to our Universe, and should lead
to a muh improved understanding of the most violent proesses imaginable; the formation
of blak holes and neutron stars following ore ollapse supernovae and the merger of
ompat objets at the end of binary inspiral.
1 Introdution
Gravitational waves are ripples of spaetime generated as masses are aelerated. It is one of the
entral preditions of Einstein's general theory of relativity but despite deades of eort these
ripples in spaetime have still not been observed diretly. Yet we have strong indiret evidene
for their existene from the exellent agreement between the observed inspiral rate of the binary
pulsar PSR1913+16 and the theoretial predition (better than 1% in the phase evolution). This
provides ondene in the theory and suggests that gravitational-wave astronomy should be
viewed as a serious proposition. This new window onto universe will omplement our view of the
osmos and will help us unveil the fabri of spaetime around blak-holes, observe diretly the
formation of blak holes or the merging of binary systems onsisting of blak holes or neutron
stars, searh for rapidly spinning neutron stars, dig deep into the very early moments of the
origin of the universe, and look at the very enter of the galaxies where supermassive blak
holes weighing millions of solar masses are hidden. Seondly, deteting gravitational waves is
important for our understanding of the fundamental laws of physis; the proof that gravitational
waves exist will verify a fundamental 90-year-old predition of general relativity. Also, by
omparing the arrival times of light and gravitational waves from, e.g., supernovae, Einstein's
predition that light and gravitational waves travel at the same speed ould be heked. Finally,
we ould verify that they have the polarization predited by general relativity.
These expetations follow from the omparison between gravitational and eletromagneti
waves. That is : a) While eletromagneti waves are radiated by individual partiles, gravita-
tional waves are due to non-spherial bulk motion of matter. In essene, this means that the
information arried by eletromagneti waves is stohasti in nature, while the gravitational
waves provide insights into oherent mass urrents. b) The eletromagneti waves will have
been sattered many times. In ontrast, gravitational waves interat weakly with matter and
arrive at the Earth in pristine ondition. This means that gravitational waves an be used
to probe regions of spae that are opaque to eletromagneti waves. Unfortunately, this weak
interation with matter also makes the detetion of gravitational waves an extremely hard task.
) Standard astronomy is based on deep imaging of small elds of view, while gravitational-wave
detetors over virtually the entire sky. d) The wavelength of the eletromagneti radiation is
smaller than the size of the emitter, while the wavelength of a gravitational wave is usually
larger than the size of the soure. This means that we annot use gravitational-wave data to
reate an image of the soure. In fat, gravitational-wave observations are more like audio than
visual.
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2 Gravitational wave primer
The aim of the rst part of our ontribution is to provide a ondensed text-book level intro-
dution to gravitational waves. Although in no sense omplete, this desription should prepare
the reader for the disussion of high-frequeny soures whih follows.
The rst aspet of gravitational waves that we need to appreiate is their tidal nature. This
is important beause it implies that we need to monitor, with extreme preision, the relative
motion of test masses or the periodi (tidal) deformations of extended bodies. A gravitational
wave, propagating in a at spaetime, generates periodi distortions, whih an be desribed
in terms of the Riemann tensor whih measures the urvature of the spaetime. In linearized
theory (hµν ≪ gµν) the Riemann tensor takes the following gauge-independent form:
Rκλµν =
1
2
(∂νκhλµ + ∂λµhκν − ∂κµhλν − ∂λνhκµ) , (1)
whih is onsiderably simplied by hoosing the so alled transverse and traeless gauge or TT
gauge:
RTTj0k0 = −
1
2
∂2
∂t2
hTTjk ≈
∂2Φ
∂xj∂xk
, j, k = 1, 2, 3. (2)
where hTTjk is the gravitational wave eld in the TT-gauge and Φ desribes the gravitational
potential in Newtonian theory. The Riemann tensor is a pure geometrial objet, but in general
relativity has a simple physial interpretation: it is the tidal fore eld and desribes the relative
aeleration between two partiles in free fall. If we assume two partiles moving freely along
geodesis of a urved spaetime with oordinates xµ(τ) and xµ(τ) + δxµ(τ) (for a given value
of the proper time τ , δxµ(τ) is the displaement vetor onneting the two events) it an be
shown that, in the ase of slowly moving partiles,
d2δxk
dt2
≈ −Rk0j0TTδxj . (3)
This is a simplied form of the equation of geodesi deviation. Hene, the tidal fore ating on
a partile is:
fk ≈ −mRk0j0δxj , (4)
where m is the mass of the partile. Equation (4) orresponds to the standard Newtonian
relation for the tidal fore ating on a partile in a eld Φ. Then equation (4) integrates to
δxj =
1
2
hTTjk x
k
0 or h ≈
∆L
L
, (5)
where h is the dimensionless gravitational-wave strain.
Let us now assume that the waves propagate in the z-diretion, i.e. that we have hjk =
hjk(t− z). Then one an show that we have only two independent omponents;
h+ = h
TT
xx = −hTTyy , h× = hTTxy = hTTyx (6)
What eet does h+ have on matter? Consider a partile initially loated at (x0, y0) and let
h× = 0 to nd that
δx =
1
2
h+x0 and δy = −1
2
h+y0 . (7)
That is, if h+ varies periodially then an objet will rst experiene a streth in the x-diretion
aompanied by a squeeze in the y-diretion. One half-yle later, the squeeze is in the x-
diretion and the streth in the y-diretion. It is straightforward to show that the eet of h×
is the same, but rotated by 45 degrees. This is illustrated in Fig. 1. A general wave will be a
linear ombination of the two polarisations.
2
Figure 1: The eets of a gravitational wave travelling perpendiular the plane of a irular ring
of partiles, is skethed as a series of snapshots. The deformations due the two polarizations
h+ and h× are shown.
Up to this point we have shown the eet of propagating spaetime deformations (we alled
them gravitational waves) on two nearby partiles. But we have not yet done the onnetion
to Einstein's theory. Thus we will desribe with a tensor hµν the variations of a at spaetime
from ateness, that is we will desribe the spaetime with the metri gαβ = ηαβ + hαβ . Then
after some algebra it an be shown that Einstein's equations will be redued to the following
form: (
− ∂
2
∂t2
+∇2
)
h˜µν ≡ ∂λ∂λh˜µν = 0 with h˜µν ≡ hµν − 1
2
ηµνh
α
α (8)
where we have used a spei gauge hoie ∂µh˜
µν = 0, known as Hilbert's gauge ondition
(equivalent to the Lorentz gauge ondition of eletromagnetism).
The simplest solution to the wave equation (8) is a plane wave solution of the form
h˜µν = Aµνeikαx
α
, (9)
where Aµν is a onstant symmetri tensor, the polarization tensor, in whih information about
the amplitude and the polarization of the waves is enoded, while kα is a onstant vetor,
the wave vetor, that determines the propagation diretion of the wave and its frequeny. In
physial appliations we will use only the real part of the above wave solution.
It is ustomary to write the gravitational wave solution in the TT gauge as hTTµν . That Aµν
has only two independent omponents means that a gravitational wave is ompletely desribed
by two dimensionless amplitudes, h+ and h×, say. If, for example, we assume a wave propagating
along the z-diretion, then the amplitude Aµν an be written as
Aµν = h+ǫ
µν
+ + h×ǫ
µν
× (10)
where ǫµν+ and ǫ
µν
× are the so-alled unit polarization tensors dened by
ǫµν+ ≡


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 ǫµν× ≡


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 . (11)
Finally, we should point out that in the TT-gauge there is no dierene between hµν(the
perturbation of the metri) and h˜µν (the gravitational eld).
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2.1 Gravitational wave properties
Gravitational waves, one they are generated, propagate almost unimpeded. Indeed, it has been
proven that they are even harder to stop than neutrinos! The only signiant hange they suer
as they propagate is the derease in amplitude while they travel away from their soure, and
the redshift they feel (osmologial, gravitational or Doppler) as is the ase for eletromagneti
waves.
There are other eets that marginally inuene the gravitational waveforms. For instane
absorption by interstellar or intergalati matter intervening between the observer and the
soure, whih is extremely weak (atually, the extremely weak oupling of gravitational waves
with matter is the main reason that gravitational waves have not been observed). Sattering
and dispersion of gravitational waves are also pratially unimportant, although they may have
been important during the early phases of the universe (this is also true for the absorption).
Gravitational waves an be foused by strong gravitational elds and also an be dirated,
exatly as it happens with the eletromagneti waves.
2.2 Energy ux arried by gravitational waves
Gravitational waves arry energy and ause a deformation of spaetime. The stress-energy
arried by gravitational waves annot be loalized within a wavelength. Instead, one an say
that a ertain amount of stress-energy is ontained in a region of the spae whih extends over
several wavelengths. It an be proven that in the TT gauge of linearized theory the stress-energy
tensor of a gravitational wave (in analogy with the stress-energy tensor of a perfet uid) is
given by
tGWµν =
1
32π
〈∂µhTTij · ∂νhTTij 〉. (12)
where the angular brakets are used to indiate averaging over several wavelengths. For the
speial ase of a plane wave propagating in the z diretion, whih we onsidered earlier, the
stress-energy tensor has only three non-zero omponents, whih take the simple form
tGW00 =
tGWzz
c2
= − t
GW
0z
c
=
1
32π
c2
G
ω2
(
h2+ + h
2
×
)
, (13)
where tGW00 is the energy density, t
GW
zz is the momentum ux and t
GW
0z the energy ow along
the z diretion per unit area and unit time (for pratial reasons we have restored the normal
units). The energy ux has all the properties one would antiipate by analogy with eletro-
magneti waves: (a) it is onserved (the amplitude dies out as 1/r, the ux as 1/r2), (b) it
an be absorbed by detetors, and () it an generate urvature like any other energy soure in
Einstein's formulation of relativity.
The denition of the energy ux by equation (13) provides a useful formula
F = 3
(
f
1kHz
)2(
h
10−22
)2
ergs
cm2sec
, (14)
whih an be used to estimate the ux on Earth, given the amplitude of the waves (on Earth)
and the frequeny of the waves.
2.3 Generation of gravitational waves
As early as 1918, Einstein derived the quadrupole formula for gravitational radiation. This
formula states that the wave amplitude hij is proportional to the seond time derivative of the
quadrupole moment of the soure:
hij =
2
r
G
c4
Q¨TTij
(
t− r
c
)
(15)
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where
QTTij (x) =
∫
ρ
(
xixj − 1
3
δijr2
)
d3x (16)
is the quadrupole moment in the TT gauge, evaluated at the retarded time t− r/c and ρ is the
matter density in a volume element d3x at the position xi. This result is quite aurate for all
soures, as long as the redued wavelength λ˜ = λ/2π is muh longer than the soure size R. It
should be pointed out that the above result an be derived via a quite umbersome alulation
in whih we solve the wave equation (8) with a soure term Tµν on the right-hand side. In the
ourse of suh a derivation, a number of assumptions must be used. In partiular, the observer
must be loated at a distane r ≫ λ˜, far greater than the redued wavelength, in the so alled
radiation zone and Tµν must not hange very quikly.
Using the formulae (12) and (13) for the energy arried by gravitational waves, one an
derive the luminosity in gravitational waves as a funtion of the third-order time derivative of
the quadrupole moment tensor. This is the quadrupole formula
LGW = −dE
dt
=
1
5
G
c5
〈∂
3Qij
∂t3
∂3Qij
∂t3
〉. (17)
Based on this formula, we derive some additional formulas, whih provide order of magnitude
estimates for the amplitude of the gravitational waves and the orresponding power output of
a soure. First, the quadrupole moment of a system is approximately equal to the mass M of
the part of the system that moves, times the square of the size R of the system. This means
that the third-order time derivative of the quadrupole moment is
∂3Qij
∂t3
∼ MR
2
T 3
∼ Mv
2
T
∼ Ens
T
, (18)
where v is the mean veloity of the moving parts, Ens is the kineti energy of the omponent of
the soure's internal motion whih is non spherial, and T is the time sale for a mass to move
from one side of the system to the other. The time sale (or period) is atually proportional to
the inverse of the square root of the mean density of the system
T ∼
√
R3/GM. (19)
This relation provides a rough estimate of the harateristi frequeny of the system f = 2π/T .
For example, for a non-radially osillating neutron star with a mass of roughly 1.4M⊙ and a
radius of 12km, the frequeny of osillation whih is diretly related to the frequeny of the
emitted gravitational waves, will be roughly 2kHz. Similarly, for an osillating blak hole of the
same mass we get a harateristi frequeny of 10kHz.
Then, the luminosity of gravitational waves of a given soure is approximately
LGW ≈ G
4
c5
(
M
R
)5
∼ G
c5
(
M
R
)2
v6 ∼ c
5
G
(
RSch
R
)2 (v
c
)6
(20)
and
h ≈ 1
c2
(
GM
r
)(
RSch
R
)
≈ 2
c2
(
GM
r
)(v
c
)2
(21)
where RSch = 2GM/c
2
is the Shwarzshild radius of the soure. It is obvious that the maxi-
mum values of the amplitude and the luminosity of gravitational waves an be ahieved if the
soure's dimensions are of the order of its Shwarzshild radius and the typial veloities of the
omponents of the system are of the order of the speed of light. This explains why we expet the
best gravitational wave soures to be highly relativisti ompat objets. The above formula
sets also an upper limit on the power emitted by a soure, whih for R ∼ RSch and v ∼ c is
LGW ∼ c5/G = 3.6× 1059ergs/sec. (22)
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This is an immense power, often alled the luminosity of the universe.
Using the above order-of-magnitude estimates, we an get a rough estimate of the amplitude
of gravitational waves at a distane r from the soure:
h ∼ G
c4
Ens
r
∼ G
c4
εEkin
r
(23)
where εEkin (with 0 ≤ ε ≤ 1), is the fration of kineti energy of the soure that is able to
produe gravitational waves. The fator ε is a measure of the asymmetry of the soure and
implies that only a time varying quadrupole moment will emit gravitational waves. For example,
even if a huge amount of kineti energy is involved in a given explosion and/or implosion, if the
event takes plae in a spherially symmetri manner, there will be no gravitational radiation.
Another formula for the amplitude of gravitational waves relation an be derived from the
ux formula (14). If, for example, we onsider an event (perhaps a supernovae explosion) at the
Virgo luster during whih the energy equivalent of 10−4M⊙ is released in gravitational waves
at a frequeny of 1 kHz, and with signal duration of the order of 1 mse, the amplitude of the
gravitational waves on Earth will be
h ≈ 10−22
(
EGW
10−4M⊙c2
)1/2(
f
1kHz
)−1 ( τ
1msec
)−1/2( r
15Mpc
)−1
. (24)
For a detetor with arm length of 4 km we are looking for hanges in the arm length of the
order of
∆ℓ = h · ℓ = 10−22 · 4km = 4× 10−17cm !
This small number explains why all detetion eorts till today were not suessful.
If the signal analysis is based on mathed ltering, the eetive amplitude improves roughly
as the square root of the number of observed yles n. Using n ≈ fτ we get
hc ≈ 10−22
(
EGW
10−3M⊙c2
)1/2(
f
1 kHz
)−1/2(
r
15 Mp
)−1
(25)
We see that the detetor sensitivity essentially depends only on the radiated energy, the
harateristi frequeny and the distane to the soure. That is, in order to obtain a rough
estimate of the relevane of a given gravitational-wave soure at a given distane we only need
to estimate the frequeny and the radiated energy. Alternatively, if we know the energy released
we an work out the distane at whih these soures an be deteted.
2.4 Gravitational wave detetion
One often lassies gravitational-wave soures by the nature of the waves. This is onvenient
beause the dierent lasses require dierent approahes to the data-analysis problem;
• Chirps. As a binary system radiates gravitational waves and loses energy the two on-
stituents spiral loser together. As the separation dereases the gravitational-wave am-
plitude inreases, leading to a harateristi hirp signal.
• Bursts. Many senarios lead to burst-like gravitational waves. A typial example would
be blak-hole osillations exited during binary merger.
• Periodi. Systems where the gravitational-wave bakreation leads to a slow evolution
(ompared to the observation time) may radiate persistent waves with a virtually onstant
frequeny. This would be the gravitational-wave analogue of the radio pulsars.
• Stohasti. A stohasti (non-thermal) bakground of gravitational waves is expeted to
have been generated following the Big Bang. One may also have to deal with stohasti
gravitational-wave signals when the soures are too abundant for us to distinguish them
as individuals.
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Given that the weak signals are going to be buried in detetor noise, we need to obtain
as aurate theoretial models as possible. The rough order of magnitude estimates we just
derived will ertainly not be suient, even though they provide an indiation as to whether it
is worth spending the time and eort required to build a detailed model. Suh soure models
are typially obtained using either
• Approximate perturbation tehniques, eg. expansions in small perturbations away from
a known solution to the Einstein equations, the arhetypal ase being blak-hole and
neutron star osillations.
• Post-Newtonian approximations, essentially an expansion in the ratio between a hara-
teristi veloity of the system and the speed of light, most often used to model the inspiral
phase of a ompat binary system.
• Numerial relativity, where the Einstein equations are formulated as an initial-value prob-
lem and solved on the omputer. This is the only way to make progress in situations where
the full nonlinearities of the theory must be inluded, eg. in the merger of blak holes
and neutron stars or a supernova ore ollapse.
The rst attempt to detet gravitational waves was undertaken by the pioneer Joseph Weber
during the early 1960s. He developed the rst resonant mass (bar) detetor and inspired many
other physiists to build new detetors and to explore from a theoretial viewpoint possible
osmi soures of gravitational radiation. When a gravitational wave hits suh a devie, it auses
the bar to vibrate. By monitoring this vibration, we an reonstrut the true waveform. The
next step, was to monitor the hange of the distane between two xed points by a passing-by
gravitational wave. This an be done by using laser interferometry. The use of interferometry is
probably the most deisive step in our attempt to detet gravitational wave signals. Although
the basi priniple of suh detetors is very simple, the sensitivity of detetors is limited by
various soures of noise. The internal noise of the detetors an be Gaussian or non-Gaussian.
The non-Gaussian noise may our several times per day suh as strain releases in the suspension
systems whih isolate the detetor from any environmental mehanial soure of noise, and
the only way to remove this type of noise is via omparisons of the data streams from various
detetors. The so-alled Gaussian noise obeys the probability distribution of Gaussian statistis
and an be haraterized by a spetral density Sn(f). The observed signal at the output of a
detetor onsists of the true gravitational wave strain h and Gaussian noise. The optimal
method to detet a gravitational wave signal leads to the following signal-to-noise ratio:
(
S
N
)2
opt
= 2
∫ ∞
0
|h˜(f)|2
Sn(f)
df, (26)
where h˜(f) is the Fourier transform of the signal waveform. It is lear from this expression that
the sensitivity of gravitational wave detetors is limited by noise.
In reality, the eieny of a resonant bar detetor depends on several other parameters.
Here, we will disuss only the more fundamental ones. Assuming perfet isolation of the reso-
nant bar detetor from any external soure of noise (aoustial, seismi, eletromagneti), the
thermal noise is the only fator limiting our ability to detet gravitational waves. Thus, in
order to detet a signal, the energy deposited by the gravitational wave every τ seonds should
be larger than the energy kT due to thermal utuations. This leads to a formula for the
minimum detetable energy ux of gravitational waves, whih, following equation (13), leads
into a minimum detetable strain amplitude
hmin ≤ 1
ω0LQ
√
15kT
M
(27)
where L and M are the size and the mass of the resonant bar orrespondingly and Q is the
quality fator of the material. During the last 20 years, a number of resonant bar detetors have
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been in nearly ontinuous operation in several plaes around the world. They have ahieved
sensitivities of a few times 10−21, but still there has been no lear evidene of gravitational
wave detetion.
A laser interferometer is an alternative gravitational wave detetor that oers the possibility
of very high sensitivities over a broad frequeny band. Originally, the idea was to onstrut
a new type of resonant detetor with muh larger dimensions. Gravitational waves that are
propagating perpendiular to the plane of the interferometer will inrease the length of one arm
of the interferometer, and at the same time will shorten the other arm, and vie versa. This
tehnique of monitoring the waves is based on Mihelson interferometry. L-shaped interferom-
eters are partiularly suited to the detetion of gravitational waves due to their quadrupolar
nature. For extensive reviews refer to [4, 5, 6, 7℄.
The US projet named LIGO [8℄(Laser Interferometer Gravitational Wave Observatory)
onsists of two detetors with arm length of 4 Km, one in Hanford, Washington, and one in
Livingston, Louisiana. The detetor in Hanford inludes, in the same vauum system, a seond
detetor with arm length of 2 km. The detetors are already in operation and they ahieved
the designed sensitivity. The Italian/Frenh EGO (VIRGO) detetor [9℄ of arm-length 3 km at
Casina near Pisa is designed to have better sensitivity at lower frequenies. GEO600 is the
German/British detetor built in Hannover [10℄. The TAMA300[11℄ detetor in Tokyo has arm
lengths of 300 m and it was the rst major interferometri detetor in operation. There are
already plans for improving the sensitivities of all the above detetors and the onstrution of
new interferometers in the near future.
Up to now LIGO has ompleted four siene runs, S1 from August - September 2002, S2
from February - April 2003, S3 from Otober 2003 - January 2004, and S4 February - Marh
2005. These short siene runs where interrupted with improvements whih led LIGO to operate
now with its designed sensitivity. The fth siene run, S5, (November 2005 - September 2007)
surveyed a onsiderable larger volume of the Universe and set upper limits to a number of
gravitational wave soures [13, 14, 15, 16, 17℄. The enhaned LIGO interferometer is expeted
to ommene an S6 siene run in 2009 and will survey a volume of spae eight times as great
as the urrent LIGO. In 2011, the LIGO interferometers will be shut down for deommisioning
in order to install advaned interferometers. With these advaned interferometers LIGO is
expeted to operate with ten times the urrent sensitivity whih means a fator of 1000 inrease
in the volume of the Universe surveyed by 2014.
3 Soures of gravitational waves
3.1 Radiation from binary systems
Among the most interesting soures of gravitational waves are binaries. The inspiralling of suh
systems, onsisting of blak holes or neutron stars, is, as we will disuss later, the most promising
soure for the gravitational wave detetors. Binary systems are also the soures of gravitational
waves whose dynamis we understand the best. They emit opious amounts of gravitational
radiation, and for a given system we know quite aurately the amplitude and frequeny of the
gravitational waves in terms of the masses of the two bodies and their separation.
The gravitational-wave signal from inspiraling binaries is approximatelly sinusoidal, with a
frequeny whih is twie the orbital frequeny of the binary. Aording to equation (17) the
gravitational radiation luminosity of the system is
LGW =
32
5
G
c5
µ2a4Ω6 =
32
5
G4
c5
M3µ2
a5
, (28)
where Ω is the orbital angular veloity, a is the distane between the two bodies, µ = M1M2/M
is the redued mass of the system andM = M1+M2 is its total mass. In order to obtain the last
part of the relation, we have used Kepler's third law, Ω2 = GM/a3. As the gravitating system
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Figure 2: Estimated signal strengths for various inspiralling binaries relevant for ground- and
spae-based detetors.
loses energy by emitting radiation, the distane between the two bodies shrinks and the orbital
frequeny inreases aordingly (T˙ /T = 1.5a˙/a). Finally, the amplitude of the gravitational
waves is
h = 5× 10−22
(
M
2.8M⊙
)2/3(
µ
0.7M⊙
)(
f
100Hz
)2/3 (
15Mpc
r
)
. (29)
In all these formulae we have assumed that the orbits are irular.
As the binary system evolves the orbit shrinks and the frequeny inreases in the harater-
isti hirp. Eventually, depending on the masses of the binaries, the frequeny of the emitted
gravitational waves will enter the bandwidth of the detetor at the low-frequeny end and will
evolve quite fast towards higher frequenies. A system onsisting of two neutron stars will be
detetable by LIGO when the frequeny of the gravitational waves is ∼10Hz until the nal oa-
lesene around 1 kHz. This proess will last for about 15 min and the total number of observed
yles will be of the order of 104, whih leads to an enhanement of the detetability by a fator
100 (remember hc ∼
√
nh). Binary neutron star systems and binary blak hole systems with
masses of the order of 50M⊙ are the primary soures for LIGO. Given the antiipated sensitivity
of LIGO, binary blak hole systems are the most promising soures and ould be deteted as
far as 200 Mp away. For the present estimated sensitivity of LIGO the event rate is probably a
few per year, but future improvements of detetor sensitivity (the LIGO II phase) ould lead to
the detetion of at least one event per month. Supermassive blak hole systems of a few million
solar masses are the primary soure for LISA. These binary systems are rare, but due to the
huge amount of energy released, they should be detetable from as far away as the boundaries
of the observable universe. Finally, the reent disovery of the highly relativisti binary pulsar
J0737-3039 [18℄ enhaned onsiderably the expeted oalesene event rate of NS-NS binaries
[19℄. The event rate for initial LIGO is in the best ase 0.2 per year while advaned LIGO
might be able to detet 20-1000 events per year.
Depending on the high-density EOS and their initial masses, the outome of the merger of
two neutron stars may not always be a blak hole, but a hypermassive, dierentially rotating
ompat star (even if it is only temporarily supported against ollapse by dierential rotation).
A reent detailed simulation[20℄ in full GR has shown that the hypermassive objet reated
in a binary NS merger is nonaxisymmetri. The nonaxisymmetry lasts for a large number of
rotational periods, leading to the emission of gravitational waves with a frequeny of 3kHz and
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an eetive amplitude of ∼ 6 − 7 × 10−21 at a large distane of 50Mp. Suh large eetive
amplitude may be detetable even by LIGO II at this high frequeny.
The tidal disruption of a NS by a BH [21℄ or the merging of two NSs [22℄ may give valuable
information for the radius and the EoS if we an reover the signal at frequenies higher than
1 kHz.
3.2 Gravitational ollapse
One of the most spetaular astrophysial events is the ore ollapse of massive stars, leading
to the formation of a neutron star (NS) or a blak hole (BH). The outome of ore ollapse
depends sensitively on several fators: mass, angular momentum and metalliity of progenitor,
existene of a binary ompanion, high-density equation of state, neutrino emission, magneti
elds, et. Partial understanding of eah of the above fators is emerging, but a omplete and
onsistent theory for ore ollapse is still years away.
Roughly speaking, isolated stars more massive than ∼ 8 − 10M⊙ end in ore ollapse and
∼ 90% of them are stars with masses ∼ 8− 20M⊙. After ore boune, most of the material is
ejeted and if the progenitor star has a mass M . 20M⊙ a neutron star is left behind. On the
other hand, if M & 20M⊙ fall-bak aretion inreases the mass of the formed proton-neutron
star (PNS), pushing it above the maximum mass limit, whih results in the formation of a
blak hole. Furthermore, if the progenitor star has a mass of roughlyM & 45M⊙, no supernova
explosion is launhed and the star ollapses diretly to a BH[23℄.
The above piture is, of ourse, greatly simplied. In reality, the metalliity of the progen-
itor, the angular momentum of the pre-ollapse ore and the presene of a binary ompanion
will deisively inuene the outome of ore ollapse[24℄. Rotation inuenes the ollapse by
hanging dramatially the properties of the onvetive region above the proto-neutron star ore.
Centrifugal fores slow down infalling material in the equatorial region ompared to materiall
falling in along the polar axis, yielding a weaker boune. This asymmetry between equator and
poles also strongly inuenes the neutrino emmission and the revival of the stalled shok by
neutrinos [25, 26℄.
The supernova event rate is 1-2 per entury per galaxy [27℄ and about 5-40% of them produe
BHs in delayed ollapse (through fall-bak aretion), or diret ollapse[28℄.
Of onsiderable importane is the initial rotation rate of proto-neutron stars, sine (as will
be detailed in the next setions) most mehanisms for emission of detetable gravitational waves
from ompat objets require very rapid rotation at birth (rotational periods of the order of
a few milliseonds or less). Sine most massive stars have non-negligible rotation rates (some
even rotate near their break-up limit), simple onservation of angular momentum would suggest
a proto-neutron star to be strongly dierentially rotating with very high rotation rates and this
piture is supported by numerial simulations of rotating ore ollapse[29, 30℄.
Other ways to form a rapidly rotating proto-neutron star would be through fall-bak aretion[33℄,
through the aretion-indued ollapse of a white dwarf [34, 35, 36, 37℄ or through the merger
of binary white dwarfs in globular lusters[38℄. It is also relevant to take into aount urrent
gamma-ray-burst models. The ollapsar [39℄ model requires high rotation rates of a proto-blak
hole [32℄. In addition, a possible formation senario for magnetars involves a rapidly rotating
PNS formed through the ollape of a very massive progenitor and some observational evidene
is already emerging [40℄.
Gravitational waves from ore ollapse have a rih spetrum, reeting the various stages
of this event. The initial signal is emitted due to the hanging axisymmetri quadrupole mo-
ment during ollapse. In the ase of neutron star formation, the quadrupole moment typially
beomes larger, as the ore spins up during ontration. In ontrast, when a rapidly rotating
neutron star ollapses to form a Kerr blak hole, the axisymmetri quadrupole moment rst
inreases but is nally redued by a large fator when the blak hole is formed.
A seond part of the gravitational wave signal is produed when gravitational ollapse is
halted by the stiening of the equation of state above nulear densities and the ore bounes,
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driving an outwards moving shok. The dense uid undergoes motions with relativisti speeds
(v/c ∼ 0.2 − 0.4) and a rapidly rotating proto-neutron star thus osillates in several of its
axisymmetri normal modes of osillation. This quasi-periodi part of the signal ould last
for hundreds of osillation periods, before being eetively damped. If, instead, a blak hole is
diretly formed, then blak hole quasinormal modes are exited, lasting for only a few osillation
periods. A ombination of neutron star and blak hole osillations will appear if the proton-
neutron star is not stable but ollapses to a blak hole.
In a rotating PNS, nonaxisymmetri proesses an yield additional types of gravitational
wave signals. Suh proesses are dynamial instabilities, seular gravitational-wave driven insta-
bilities or onvetion inside the PNS and in its surrounding hot envelope. Anisotropi neutrino
emission is aompanied by a gravitational wave signal. Nonaxisymmetries ould already be
present in the pre-ollapse ore and beome amplied during ollapse[41℄. Furthermore, if there
is persistent fall-bak aretion onto a PNS or blak hole, these an be brought into ringing.
Below, we disuss in more detail those proesses whih result in high frequeny gravitational
radiation.
3.2.1 Neutron star formation
Core ollapse as a potential soure of GWs has been studied for more than three deades (some
of the most reent simulations an be found in [42, 43, 36, 30, 44, 49, 50, 51, 52, 53℄). The main
dierenes between the various studies are the progenitor models (slowly or rapidly rotating),
equation of state (polytropi or realisti), gravity (Newtonian or relativisti) and neutrino
emission (simple, sophistiated or no treatment). In general, the gravitational wave signal from
neutron star formation is divided into a ore boune signal, a signal due to onvetive motions
and a signal due to anisotropi neutrino emission.
The ore boune signal is produed due to rotational attening and exitation of normal
modes of osillations, the main ontributions oming from the axisymmetri quadrupole (l = 2)
and quasi-radial (l = 0) modes (the latter radiating through its rotationally aquired l = 2
piee). If deteted, suh signals will be a unique probe for the high-density EOS of neutron
stars [54, 55℄. The strength of this signal is sensitive to the available angular momentum in
the progenitor ore. If the progenitor ore is rapidly rotating, then ore boune signals from
Galati supernovae (d ∼ 10kp) are detetable even with the initial LIGO/Virgo sensitivity
at frequenies .1kHz. In the best-ase senario, advaned LIGO ould detet signals from
distanes of 1Mp, but not from the Virgo luster (∼15Mp), where the event rate would be
high. The typial GW amplitude from 2D numerial simulations [30, 44, 45, 47, 46, 48℄ for an
observer loated in the equatorial plane of the soure is [51℄
h ≈ 9× 10−21ε
(
10kpc
d
)
, (30)
where ε ∼ 1 is the normalized GW amplitude. For suh rapidly rotating initial models, the
total energy radiated in GWs during the ollapse is . 10−6− 10−8M⊙c2. If, on the other hand,
progenitor ores are slowly rotating (due to e.g. magneti torques[31℄), then the signal strength
is signiantly redued, but, in the best ase, is still within reah of advaned LIGO for galati
soures.
Normal mode osillations, if exited in an equilibrium star at a small to moderate ampli-
tude, would last for hundreds to thousands of osillation periods, being damped only slowly
by gravitational wave emission or visosity. However, the PNS immediately after ore boune
has a very dierent struture than a old equilibrium star. It has a high internal temperature
and is surrounded by an extended, hot envelope. Nonlinear osillations exited in the ore
after boune an penetrate into the hot envelope. Through this damping mehanism, the nor-
mal mode osillations are damped on a muh shorter timesale (on the order of ten osillation
periods), whih is typially seen in the ore ollapse simulations mentioned above.
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Convetion signal. The post-shok region surrounding a PNS is onvetively unstable to
both low-mode and high-mode onvetion. Neutrino emission also drives onvetion in this
region. The most realisti 2D simulations of ore ollapse to date [50℄ have shown that the
gravitational wave signal from onvetion signiantly exeeds the ore boune signal for slowly
rotating progenitors, being detetable with advaned LIGO for galati soures, and is de-
tetable even for nonrotating ollapse. For slowly rotating ollapse, there is a detetable part of
the signal in the high-frequeny range of 700Hz-1kHz, originating from onvetive motions that
dominate around 200ms after ore boune. Thus, if both a ore boune signal and a onvetion
signal would be deteted in the same frequeny range, these would be well separated in time.
Neutrino signal. In many simulations the gravitational wave signature of anisotropi neu-
trino emission has also been onsidered [56, 57, 58℄. This type of signal an be detetable by
advaned LIGO for galati soures, but the main ontribution is at low frequenies for a slowly
rotating progenitor [50℄. For rapidly rotating progenitors, stronger ontributions at high fre-
quenies ould be present, but would probably be burried within the high-frequeny onvetion
signal.
Numerial simulations of neutron star formation have gone a long way, but a fully onsistent
3D simulation inluding relativisti gravity, neutrino emission and magneti elds is still missing.
The ombined treatment of these eets might not hange the above estimations by orders of
magnitude but it will provide more onlusive answers. There are also issues that need to be
understood suh as pulsar kiks (veloities exeeding 1000 km/s) whih suggest that in a fration
of newly-born NSs (and probably BHs) the formation proess may be strongly asymmetri [59℄.
Better treatment of the mirophysis and onstrution of aurate progenitor models for the
angular momentum distributions are needed. All these issues are under investigation by many
groups.
3.2.2 Blak hole formation
The gravitational-wave emission from the formation of a Kerr BH is a sum of two signals:
the ollapse signal and the BH ringing. The ollapse signal is produed due to the hanging
multipole moments of the spaetime during the transition from a rotating iron ore or PNS to
a Kerr BH. A uniformly rotating neutron star has an axisymmetri quadrupole moment given
by[60℄
Q = −aJ
2
M
, (31)
where a depends on the equation of state and is in the range of 2− 8 for 1.4M⊙ models. This is
several times larger in magnitude than the orresponding quadrupole moment of a Kerr blak
hole (a = 1). Thus, the redution of the axisymmetri quadrupole moment is the main soure
of the ollapse signal. One the BH is formed, it ontinues to osillate in its axisymmetri l = 2
quasinormal mode (QNM), until all osillation energy is radiated away and the stationary Kerr
limit is approahed.
The numerial study of rotating ollapse to BHs was pioneered by Nakamura[61℄ but rst
waveforms and gravitational-wave estimates were obtained by Stark and Piran[62℄ . These
simulations we performed in 2D, using approximate initial data (essentially a spherial star to
whih angular momentum was artiially added). A new 3D omputation of the gravitational
wave emission from the ollapse of unstable uniformly rotating relativisti polytropes to Kerr
BHs[63℄ nds that the energy emitted is
∆E ∼ 1.5× 10−6(M/M⊙), (32)
signiantly less than the result of Stark and Piran. Still, the ollapse of an unstable 2M⊙
rapidly rotating neutron star leads to a harateristi gravitational-wave amplitude hc ∼ 3 ×
10−21, at a frequeny of ∼ 5.5kHz, for an event at 10kp. Emission is mainly through the "+"
polarization, with the "×" polarization being an order of magnitude weaker.
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Whether a BH forms promptly after ollapse or a delayed ollapse takes plae depends
sensitively on a number of fators, suh as the progenitor mass and angular momentum and
the high-density EOS. The most detailed investigation of the inuene of these fators on the
outome of ollapse has been presented reently in[53℄, where it was found that shok formation
inreases the threshold for blak hole formation by ∼ 20 − 40%, while rotation results in an
inrease of at most 25%.
3.2.3 Blak hole ringing through fall-bak
A blak hole an form after ore ollapse if fall-bak aretion inreases the mass of the PNS
above the maximum mass allowed by axisymmetri stability. Material falling bak after the
blak hole is formed exites the blak hole QNMs of osillation. If, on the other hand, the blak
hole is formed diretly through ore ollapse (without a ore boune taking plae) then most of
the material of the progenitor star is areted at very high rates (∼ 1 − 2M⊙/s) into the hole.
In suh hyper-aretion the blak hole's QNMs an be exited for as long as the proess lasts
and until the blak hole beomes stationary. Typial frequenies of the emitted GWs are in the
range 1-3kHz for ∼ 3− 10M⊙ BHs.
The frequeny and the damping time of the osillations for the l = m = 2 mode an be
estimated via the relations [64℄
σ ≈ 3.2kHz M−110
[
1− 0.63(1− a/M)3/10
]
(33)
Q = πστ ≈ 2 (1− a)−9/20 (34)
These relations together with similar ones either for the 2nd QNM or the l = 2, m = 0 mode an
uniquely determine the massM and angular momentum parameter a of the BH if the frequeny
and the damping time of the signal have been aurately extrated [65, 66, 67℄. The amplitude
of the ring-down waves depends on the BH's initial distortion, i.e. on the nonaxisymmetry of
the blobs or shells of matter falling into the BH. If matter of mass µ falls into a BH of mass
M , then the gravitational wave energy is roughly
∆E & εµc2(µ/M) (35)
where ε is related to the degree of asymmetry and ould be ε & 0.01 [68℄. This leads to an
eetive GW amplitude
heff ≈ 2× 10−21
( ε
0.01
)(10Mpc
d
)(
µ
M⊙
)
(36)
3.3 Rotational instabilities
If proto-neutron stars rotate rapidly, nonaxisymmetri dynamial instabilities an develop.
These arise from non-axisymmetri perturbations having angular dependene eimφ and are
of two dierent types: the lassial bar-mode instability and the more reently disovered low-
T/|W | bar-mode and one-armed spiral instabilities, whih appear to be assoiated to the pres-
ene of orotation points. Another lass of nonaxisymmetri instabilities are seular instabilities,
driven by dissipative eets, suh as uid visosity or gravitational radiation.
3.3.1 Dynamial instabilities
The lassial m = 2 bar-mode instability is exited in Newtonian stars when the ratio β =
T/|W | of the rotational kineti energy T to the gravitational binding energy |W | is larger than
βdyn = 0.27. The instability grows on a dynamial time sale (the time that a sound wave
needs to travel aross the star) whih is about one rotational period and may last from 1 to
100 rotations depending on the degree of dierential rotation in the PNS.
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The bar-mode instability an be exited in a hot PNS, a few milliseonds after ore boune,
or alternatively, it ould also be exited a few tenths of seonds later, when the PNS ools due
to neutrino emission and ontrats further, with β beoming larger than the threshold βdyn (
β inreases roughly as ∼ 1/R during ontration). The amplitude of the emitted gravitational
waves an be estimated as h ∼ MR2Ω2/d, where M is the mass of the body, R its size, Ω the
rotation rate and d the distane of the soure. This leads to an estimation of the GW amplitude
h ≈ 9× 10−23
( ǫ
0.2
)( f
3kHz
)2(
15Mpc
d
)
M1.4R
2
10. (37)
where ǫ measures the elliptiity of the bar, M1.4 is measured in units of 1.4M⊙ and R is
measured in units of 10km. Notie that, in uniformly rotating Malaurin spheroids, the GW
frequeny f is twie the rotational frequeny Ω. Suh a signal is detetable only from soures in
our galaxy or the nearby ones (our Loal Group). If the sensitivity of the detetors is improved
in the kHz region, signals from the Virgo luster ould be detetable. If the bar persists for
many (∼ 10-100) rotation periods, then even signals from distanes onsiderably larger than
the Virgo luster will be detetable. Due to the requirement of rapid rotation, the event rate
of the lassial dynamial instability is onsiderably lower than the SN event rate.
The above estimates rely on Newtonian alulations; GR enhanes the onset of the insta-
bility, βdyn ∼ 0.24 [69, 70℄ and somewhat lower than that for large ompatness (large M/R).
Fully relativisti dynamial simulations of this instability have been obtained, inluding detailed
waveforms of the assoiated gravitational wave emission. A detailed investigation of the required
initial onditions of the progenitor ore, whih an lead to the onset of the dynamial bar-mode
instability in the formed PNS, was presented in [51℄. The amplitude of gravitational waves due
to the bar-mode instability was found to be larger by an order of magnitude, ompared to the
axisymmetri ore ollapse signal.
Low-T/|W | instabilities. The bar-mode instability may be exited for signiantly smaller β, if
entrifugal fores produe a peak in the density o the soure's rotational enter [71℄. Rotating
stars with a high degree of dierential rotation are also dynamially unstable for signiantly
lower βdyn & 0.01 [72, 73℄. Aording to this senario the unstable neutron star settles down to a
non-axisymmetri quasi-stationary state whih is a strong emitter of quasi-periodi gravitational
waves
heff ≈ 3× 10−22
(
Req
30km
)(
f
800Hz
)1/2(
100Mpc
d
)
M
1/2
1.4 . (38)
The bar-mode instability of dierentially rotating neutron stars is an exellent soure of gravi-
tational waves, provided the high degree of dierential rotation that is required an be realized.
One should also onsider the eets of visosity and magneti elds. If magneti elds en-
fore uniform rotation on a short timesale, this ould have strong onsequenes regarding the
appearane and duration of the dynamial nonaxisymmetri instabilities.
An m = 1 one-armed spiral instability has also been shown to beome unstable in PNS,
provided that the dierential rotation is suiently strong [71, 74℄. Although it is dominated
by a dipole" mode, the instability has a spiral harater, onserving the enter of mass. The
onset of the instability appears to be linked to the presene of orotation points [75℄ (a similar
link to orotation points has been proposed for the low-T/|W | bar mode instability [76, 77℄ )
and requires a very high degree of dierential rotation (with matter on the axis rotating at
least 10 times faster than matter on the equator). The m = 1 spiral instability was reently
observed in simulations of rotating ore ollapse, whih started with the ore of an evolved 20M⊙
progenitor star to whih dierential rotation was added [78℄. Growing from noise level (∼ 10−6)
on a timesale of 5ms, the m = 1 mode reahed its maximum amplitude after ∼ 100ms.
Gravitational waves were emitted through the exitation of an m = 2 nonlinear harmoni at a
frequeny of ∼ 800Hz with an amplitude omparable to the ore-boune axisymmetri signal.
14
3.3.2 Seular gravitational-wave-driven instabilities
In a nonrotating star, the forward and bakward moving modes of same (l, |m|) (orresponding
to (l,+m) and (l,−m)) have eigenfrequenies ±|σ|. Rotation splits this degeneray by an
amount δσ ∼ mΩ and both the prograde and retrograde modes are dragged forward by the
stellar rotation. If the star spins suiently rapidly, a mode whih is retrograde (in the frame
rotating with the star) will appear as prograde in the inertial frame (a nonrotating observer
at innity). Thus, an inertial observer sees GWs with positive angular momentum emitted by
the retrograde mode, but sine the perturbed uid rotates slower than it would in the absene
of the perturbation, the angular momentum of the mode in the rotating frame is negative.
The emission of GWs onsequently makes the angular momentum of the mode inreasingly
negative, leading to the instability. A mode is unstable when σ(σ − mΩ) < 0. This lass of
frame-dragging instabilities is usually referred to as Chandrasekhar-Friedman-Shutz [79, 80℄
(CFS) instabilities.
f -mode instability. In the Newtonian limit, the l = m = 2 f -mode (whih has the shortest
growth time of all polar uid modes) beomes unstable when T/|W | > 0.14, whih is near
or even above the mass-shedding limit for typial polytropi EOSs used to model uniformly
rotating neutron stars. Dissipative eets (e.g. shear and bulk visosity or mutual frition
in superuids) [81, 82, 83, 84℄ leave only a small instability window near mass-shedding, at
temperatures of ∼ 109K. However, relativisti eets strengthen the instability onsiderably,
lowering the required β to ≈ 0.06−0.08 [85, 86℄ for most realisti EOSs and masses of ∼ 1.4M⊙
(for higher masses, suh as hypermassive stars reated in a binary NS merger, the required
rotation rates are even lower).
Sine PNSs rotate dierentially, the above limits derived under the assumption of uniform
rotation are too strit. Unless uniform rotation is enfored on a short timesale, due to e.g.
magneti braking [87℄, the f -mode instability will develop in a dierentially rotating bak-
ground, in whih the required T/|W | is only somewhat larger than the orresponding value for
uniform rotation [88℄, but the mass-shedding limit is dramatially relaxed. Thus, in a dieren-
tially rotating PNS, the f -mode instability window is huge, ompared to the ase of uniform
rotation and the instability an develop provided there is suient T/|W | to begin with.
The f -mode instability is an exellent soure of GWs. Simulations of its nonlinear devel-
opment in the ellipsoidal approximation [89℄ have shown that the mode an grow to a large
nonlinear amplitude, modifying the bakground star from an axisymmetri shape to a dier-
entially rotating ellipsoid. In this modied bakground the f -mode amplitude saturates and
the ellipsoid beomes a strong emitter of gravitational waves, radiating away angular momen-
tum until the star is slowed-down towards a stationary state. In the ase of uniform density
ellipsoids, this stationary state is the Dedekind ellipsoid, i.e. a nonaxisymmetri ellipsoid with
internal ows but with a stationary (nonradiating) shape in the inertial frame. In the ellipsoidal
approximation, the nonaxisymmetri pattern radiates gravitational waves sweeping through the
LIGO II sensitivity window (from 1kHz down to about 100Hz) whih ould beome detetable
out to a distane of more than 100Mp.
Two reent hydrodynamial simulations [90, 91℄ (in the Newtonian limit and using a post-
Newtonian radiation-reation potential) essentially onrm this piture. In [90℄ a dierentially
rotating, N = 1 polytropi model with a large T/|W | ∼ 0.2− 0.26 is hosen as the initial equi-
librium state. The main dierene of this simulation ompared to the ellipsoidal approximation
omes from the hoie of EOS. For N = 1 Newtonian polytropes it is argued that the seular
evolution annot lead to a stationary Dedekind-like state. Instead, the f -mode instability will
ontinue to be ative until all nonaxisymmetries are radiated away and an axisymmetri shape
is reahed. This onlusion should be heked when relativisti eets are taken into aount,
sine, ontrary to the Newtonian ase, relativisti N = 1 uniformly rotating polytropes are un-
stable to the l = m = 2 f -mode [85℄  however it is not possible to date to onstrut relativisti
analogs of Dedekind ellipsoids.
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In the other reent simulation [91℄ , the initial state was hosen to be a uniformly rotating,
N = 0.5 polytropi model with T/|W | ∼ 0.18. Again, the main onlusions reahed in [89℄
are onrmed, however, the assumption of uniform initial rotation limits the available angular
momentum that an be radiated away, leading to a detetable signal only out to about ∼ 40Mp.
The star appears to be driven towards a Dedekind-like state, but after about 10 dynamial
periods the shape is disrupted by growing short-wavelength motions, whih are suggested to
arise beause of a shearing type instability, suh as the ellipti ow instability [92℄.
r-mode instability. Rotation does not only shift the spetra of polar modes; it also lifts
the degeneray of axial modes, and gives rise to a new family of inertial modes, of whih the
l = m = 2 r-mode is a speial member. The restoring fore for these osillations is the Coriolis
fore. Inertial modes are primarily veloity perturbations. The frequeny of the r-mode in the
rotating frame of referene is σ = 2Ω/3. Aording to the riterion for the onset of the CFS
instability, the r-mode is unstable for any rotation rate of the star [93, 94℄. For temperatures
between 107 − 109K and rotation rates larger than 5-10% of the Kepler limit, the growth time
of the unstable mode is smaller than the damping times of the bulk and shear visosity [95, 96℄.
The existene of a solid rust or of hyperons in the ore [97℄ and magneti elds [98, 99℄, an
also signiantly aet the onset of the instability (for extended reviews see [100, 101℄). The
suppression of the r-mode instability by the presene of hyperons in the ore is not expeted
to operate eiently in rapidly rotating stars, sine the entral density is probably too low
to allow for hyperon formation. Moreover, a reent alulation[102℄ nds the ontribution of
hyperons to the bulk visosity to be two orders of magnitude smaller than previously estimated.
If areting neutron stars in Low Mass X-Ray Binaries (LMXB, onsidered to be the progenitors
of milliseond pulsars) are shown to reah high masses of ∼ 1.8M⊙, then the EOS ould be
too sti to allow for hyperons in the ore (for reent observations that support a high mass for
some milliseond pulsars see [103℄).
The unstable r-mode grows exponentially until it saturates due to nonlinear eets at some
maximum amplitude αmax. The rst omputation of nonlinear mode ouplings using seond-
order perturbation theory suggested that the r-mode is limited to very small amplitudes (of
order 10−3 − 10−4) due to transfer of energy to a large number of other inertial modes, in
the form of a asade, leading to an equilibrium distribution of mode amplitudes [104℄. The
small saturation values for the amplitude are supported by reent nonlinear estimations [105,
106℄ based on the drift, indued by the r-modes, ausing dierential rotation. On the other
hand, hydrodynamial simulations of limited resolution showed that an initially large-amplitude
r-mode does not deay appreiably over several dynamial timesales [108℄. However, on a
somewhat longer timesale a atastrophi deay was observed [109℄ indiating a transfer of
energy to other modes, due to nonlinear mode ouplings and suggesting that a hydrodynamial
instability may be operating. A spei resonant 3-mode oupling was identied [110℄ as the
ause of the instability and a perturbative analysis of the deay rate suggests a maximum
saturation amplitude αmax < 10
−2
. A new omputation using seond-order perturbation theory
nds that the atastrophi deay seen in the hydrodynamial simulations [109, 110℄ an indeed
be explained by a parametri instability operating in 3-mode ouplings between the r-mode
and two other inertial modes [111, 112, 113, 107℄. Whether the maximum saturation amplitude
is set by a network of 3-mode ouplings or a asade is reahed, is, however, still unlear.
A neutron star spinning down due to the r-mode instability will emit gravitational waves of
amplitude
h(t) ≈ 10−21α
(
Ω
1kHz
)(
100kpc
d
)
(39)
Sine α is small, even with LIGO II the signal is undetetable at large distanes (VIRGO luster)
where the SN event rate is appreiable, but ould be detetable after long-time integration from
a galati event. However, if the ompat objet is a strange star, then the instability may not
reah high amplitudes (α ∼ 10−3 − 10−4) but it will persist for a few hundred years (due to
the dierent temperature dependene of visosity in strange quark matter) and in this ase
there might be up to ten unstable stars in our galaxy at any time [114℄. Integrating data for a
16
few weeks ould lead to an eetive amplitude heff ∼ 10−21 for galati signals at frequenies
∼ 700 − 1000Hz. The frequeny of the signal hanges only slightly on a timesale of a few
months, so that the radiation is pratially monohromati.
Other unstable modes. The CFS instability an also operate for ore g-mode osillations
[115℄ but also for w-mode osillations, whih are basially spaetime modes [116℄. In addition,
the CFS instability an operate through other dissipative eets. Instead of the gravitational
radiation, any radiative mehanism (suh as eletromagneti radiation) an in priniple lead to
an instability.
3.4 Areting neutron stars in LMXBs
Spinning neutron stars with even tiny deformations are interesting soures of gravitational
waves. The deformations might results from various fators but it seems that the most inter-
esting ases are the ones in whih the deformations are aused by areting material. A lass
of objets alled Low-Mass X-Ray Binaries (LMXB) onsist of a fast rotating neutron star
(spin ≈ 270 − 650Hz) torqued by areting material from a ompanion star whih has lled
up its Rohe lobe. The material adds both mass and angular momentum to the star, whih,
on timesales of the order of tenths of Megayears ould, in priniple, spin up the neutron star
to its break up limit. One viable senario [118℄ suggests that the areted material (mainly
hydrogen and helium) after an initial phase of thermonulear burning undergoes a non-uniform
rystallization, forming a rust at densities ∼ 108 − 109g/m3. The quadrupole moment of the
deformed rust is the soure of the emitted gravitational radiation whih slows-down the star,
or halts the spin-up by aretion.
An alternative senario has been proposed by Wagoner[119℄ as a follow up of an earlier
idea by Papaloizou-Pringle [120℄. The suggestion was that the spin-up due to aretion might
exite the f -mode instability before the rotation reahes the breakup spin. The emission of
gravitational waves will torque down the star's spin at the same rate as the aretion will
torque it up, however, it is questionable whether the f -mode instability will ever be exited
for old, areting neutron stars. Following the disovery that the r-modes are unstable at any
rotation rate, this senario has been revived independently by Bildsten [118℄ and Andersson,
Kokkotas and Stergioulas [121℄. The amplitude of the emitted gravitational waves from suh a
proess is quite small, even for high aretion rates, but the soures are persistent and in our
galati neighborhood the expeted amplitude is
h ≈ 10−27
(
1.6ms
P
)5
1.5kp
D
. (40)
This signal is within reah of advaned LIGO with signal reyling tuned at the appropriate
frequeny and integrating for a few months[1℄. This piture is in pratie more ompliated,
sine the growth rate of the r-modes (and onsequently the rate of gravitational wave emission)
is a funtion of the ore temperature of the star. This leads to a thermal runaway due to the
heat released as visous damping mehanisms ounterat the r-mode growth [122℄. Thus, the
system exeutes a limit yle, spinning up for several million years and spinning down in a
muh shorter period. The duration of the unstable part of the yle depends ritially on the
saturation amplitude αmax of the r-modes [123, 124℄. Sine urrent omputations [104, 106℄
suggest an αmax ∼ 10−3− 10−4, this leads to a quite long duration for the unstable part of the
yle of the order of ∼ 1Myr.
The instability window depends ritially on the eet of the shear and bulk visosity and
various alternative senarios might be onsidered. The existene of hyperons in the ore of
neutron stars indues muh stronger bulk visosity, whih suggests a muh narrower instability
window for the r-modes and the bulk visosity prevails over the instability, even in temperatures
as low as 108K [97℄. A similar piture an be drawn if the star is omposed of deonned" u,
d and s quarks - a strange star [125℄. In this ase, there is a possibility that the strange stars
in LMXBs evolve into a quasi-steady state with nearly onstant rotation rate, temperature
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and mode amplitude [114℄ emitting gravitational waves for as long as the aretion lasts. This
result has also been found later for stars with hyperon ores [126, 127℄. It is interesting that
the stalling of the spin up in milliseond pulsars (MSPs) due to r-modes is in good agreement
with the minimum observed period and the lustering of the frequenies of MSPs [123℄.
3.5 Gravitational-wave asteroseismology
If various types of osillation modes are exited during the formation of a ompat star and
beome detetable by gravitational wave emission, one ould try to identify observed frequenies
with frequenies obtained by mode-alulations for a wide parameter range of masses, angular
momenta and EoSs [55, 128, 129, 130, 131, 132℄. Thus, gravitational wave asteroseismology
ould enable us to estimate the mass, radius and rotation rate of ompat stars, leading to
the determination of the "best-andidate" high-density EoS, whih is still very unertain. For
this to happen, aurate frequenies for dierent mode-sequenes of rapidly rotating ompat
objets have to be omputed.
For slowly rotating stars, the frequenies of f−, p− and w− modes are still unaeted by
rotation, and one an onstrut approximate formulae in order to relate observed frequenies
and damping times of the various stellar modes to stellar parameters. For example, for the
fundamental osillation (l = 2) mode (f -mode) of non-rotating stars one obtains [55℄
σ(kHz) ≈ 0.8 + 1.6M1/21.4 R−3/210 + δ1mΩ¯ (41)
τ−1(secs−1) ≈ M31.4R−410
(
22.9− 14.7M1.4R−110
)
+ δ2mΩ¯ (42)
where Ω¯ is the normalized rotation frequeny of the star, and δ1 and δ2 are onstants estimated
by sampling data from various EOSs. The typial frequenies of NS osillation modes are larger
than 1kHz. Sine eah type of mode is sensitive to the physial onditions where the amplitude
of the mode is largest, the more osillations modes an be identied through gravitational waves,
the better we will understand the detailed internal struture of ompat objets, suh as the
existene of a possible superuid state of matter [133℄.
If, on the other hand, some ompat stars are born rapidly rotating with moderate dif-
ferential rotation, then their entral densities will be muh smaller than the entral density
of a nonrotating star of the same baryoni mass. Correspondingly, the typial axisymmetri
osillation frequenies will be smaller than 1kHz, whih is more favorable for the sensitivity
window of urrent interferometri detetors [134℄. Indeed, axisymmetri simulations of rotating
ore-ollapse have shown that if a rapidly rotating NS is reated, then the dominant frequeny
of the ore-boune signal (originating from the fundamental l = 2 mode or the l = 2 piee of
the fundamental quasi-radial mode) is in the range 600Hz-1kHz [30℄.
If dierent types of signals are observed after ore ollapse, suh as both an axisymmetri
ore-boune signal and a nonaxisymmetri one-armed instability signal, with a time separation
of the order of 100ms, this would yield invaluable information about the angular momentum
distribution in the proto-neutron stars.
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